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Histograms and
Process Capability Analysis

by Jay Arthur
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Product and Process Variation
A The primary goals of most process improvement methodologies like Six Sigma are to

reduce defe

cts, delays and variation. The focus of this paper is on reducing variation.

What is Variation?

Every process varies: it takes a little more or less time; a product is a little bit bigger or
smaller, longer or shorter, wider or thinner, heavier or lighter, or fuller or emptier than its
ideal target size, shape or whatever. The variation may be large or almost undetectable,
but it’s still there. The goal of Six Sigma is to reduce the amount of variation such that

your produ

ct always fits well inside your customer’s expectations (specifications) and

hopefully centers on a target value for that product.

Manufacturers get into trouble when they produce products that don’t fit the customer’s
requirements. Services get into trouble when they can’t meet the customer’s requirement

for timeliness.

Process Capability Analysis Requires Stability

Before a process can be evaluated for capability, it must be stable. Use a control chart to
determine process stability. If there are no unstable conditions (the QI Macros show
unstable conditions in red) you can proceed to capability analysis.
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Specification Limits

The goal for all problems associated with variation is to center the distribution over the

ideal target value and minimize the amount of variation around that target value. For most
products, customers have a target value and some tolerance for parts around the target
value. Your ability to produce products centered around the target value with a minimum
amount of variation will determine the quality of your product.
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For parts to fit together properly the bolt cannot be bigger or smaller than the nut it screws
into; the cap cannot be bigger or smaller than its bottle. In many ways, this is like the goal
posts in an American football game: there’s a left and a right post and the kicker’s job is to
kick the ball between the two posts. Anything outside of the posts results in no score (or in
Six Sigma terms: a non-conforming part). The left and right post might be considered to be
the game’s specification limits.

Customers specify their requirements for these targets and tolerances in one of two ways:

* Target and a bilateral (i.e., two-sided) tolerance (e.g., 74 + 0.05)
* Target and a unilateral (i.e., one-sided) tolerance (e.g., 74 + 0.05)

These are used to determine the specification limits (the goal posts).

 Upper Specification Limit (USL) = 74 +0 .05 = 74.05
» Lower Specification Limit (LSL) =74 - 0.05 = 73.95

Specification limits apply to services too. I may expect to wait 3 minutes in line at the
grocery store (the target.). I would be pleasantly surprised if I didn’t have to wait in line at
all (LSL=0 or no LSL). I would leave the store without buying anything if a line looked
longer than 10 minutes (USL= 10).

Tip: Don’t confuse specification limits (i.e., USL and LSL) with control limits (UCL and
LCL). Customers set specification limits; control charts use your data to calculate control
limits.

Understanding Distributions

Center, Spread and Shape

(OIMacros

Before you can start to analyze capability, you’ll want to understand the basic concept of
distributions (e.g., the bell-shaped curve).

LSL Shape USL

Center

Spread y

Distributions have three key characteristics: center, spread, and shape:
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data value).

The center is usually the average (a.k.a. the mean) of all of the data points although other
measures of the center can be used (e.g., median—center point or mode—most frequent

Spread is the distance between the minimum and the maximum values, and the shape
can be bell-shaped, skewed (i.e., leaning) left or right, and so on.

There Are Two Outcomes for Any Improvement Effort
1.

Center the distribution over the target value:

LSL i1 usL
| i
| / - \
) \
J L\

Target Center
2. Reduce the spread of the distribution:
LSL USL

Target

- Spread -

These two outcomes can be easily monitored using histograms which help you determine
the capability of your process.

0IMacros
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Histograms

Histograms are simply bar charts that show the distribution of your data using the
number of times your data points fall into each of the bars on the histogram. When you
add the upper and lower specification limits, it’s easy to see how your data fits your
customer’s requirements and what improvements might be necessary..

Capability Indicies

Using the specification limits, there are four key indicators of process capability:

1.

Cp is the capability index. It measures how well your data might fit between the
upper and lower specification limits. It doesn't really care if the process is centered
within the limits, only if the data would fit if the data was centered.

Cpk is the centering capability index. It measures how well your data is centered
between the upper and lower specification limits.

Cp and Cpk use an estimation of the standard deviation know as sigma estimator to
calculate the spread of your data. If the variation (i.e., range or standard deviation)
between samples is small, Cp and Cpk often provide better predictors of capability.

Pp is the performance index. Like Cp, it measures how well your data fits within the
USL and LSL. Unlike Cp, Pp uses the actual standard deviation of your data, not the
estimate.

Ppk is the performance centering index. Like Cpk, it measures how well your data is
centered between the USL and LSL. Unlike Cpk, Ppk uses the standard deviation to
determine the spread of your data.

Defects Per Million

Because we’re using a small sample to analyze process capability, it might seem difficult
to calculate the estimated defects, but statistics makes it easy. Since we know the standard
deviation and the specification limits, through the magic of statistics we can calculate the
actual defect rate in parts per million (PPM) and using the standard deviation, estimate the
defect rate in parts per million for the entire population.

Interpreting the Results to Improve Your Process

(OIMacros

Once you have run a histogram to calculate Cp and Cpk, you can decide how to improve.
If the process is off-center, adjust your work so that it becomes centered. If the capability
is less than 1.33, adjust your process so that there is less variation. In manufacturing,
customers require Cp=Cpk greater than 1.33 (4-Sigma). If you are producing products for
the Asian market, especially Japan, they require Cp=Cpk greater than 1.66 (5-Sigma).
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Sigma Level

From a Six Sigma perspective, Cp and Cpk directly correlate with Six Sigma targets:

Cp and Cpk | Sigma Level
Pp and Ppk

1.0 3

1.33 4

1.66 5

2.0 6

Corrective Action

If Cp is greater than Cpk (data fits between the spec limits but is not centered)

the corrective action is to center the process:

LSL

\

/

J 1\

Target Center
If Cp is less than Cpk (data is centered but does not fit between the spec limits.) the

corrective action is to improve the process to eliminate non-conforming parts:

(OIMacros
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If Cp = Cpk and both are greater than 1.0 but less than the target value of 1.33 (4-sigma) the

corrective action is to improve the process to reduce variation:

LSL 8 uSL

Formulas
Formulas for Cp and Cpk

(USL-LSL)

P=""c
(}.}L’r — [{JrSL —X)
36
. _(x-Lsr)
=T

Cpk =M .fﬂ(f pU,CpL )

Formulas for Pp and Ppk

For Process Performance, use standard deviation (o) of the population instead of sigma

estimator:
Pp = (USL - LSL)
6a
(UsL-X)
Pl =
P 3T
Pyl = (X -15L)
i 3o
Ppk = Min(PpU, PpL)
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Another View of the Formulas

Formulas for Cp and Pp

Cp Pp

( USL-ISL. ) (
(6 * sigma estimator)

USL-LST. )
(6 * standard deviation)

Use when you have a sample Use when you have the total population

Formulas for Cpk and Ppk

Cpk

Ppk

Minimum of CpU and

Minimum of PpU and

CpL PpL
CpU PpU
( USL-Xbar ) ( USL-Xbar )
(3 * sigma estimator) (3 * standard deviation)
CpL PpL
( Xbar-ILSL ) ( Xbar-1LSL )

(3 * sigma estimator) (3 * standard deviation)

Use when you have
a sample

Use when you have
the total population

Points to note:
» Xbar = the average of the data points = X /n.
« Changing the spec limits will change Cp and Pp and may change Cpk and Ppk.

« Cp and Cpk use sigma estimator because they assume your data represents a sample of
the population.

« Ppand Ppk use standard deviation because they assume your data represents the total
population.

Formula for Sigma Estimator

Standard deviation of a population can be estimated from the average range or average standard
deviation of the samples in each subgroup. These are used to calculate Cp and Cpk.

. R
o= Z For n=1-4, use R/d2 formula; for n>4 use s/c4 formula
.5
o=—
Cy
(0IMacros Page 7

© 2022 KnowWare International Inc. Rev Aug 22

www.qimacros.com


https://www.qimacros.com

Here is another way of looking at it:

Constants for Sigma Estimator Calculation

(Source:ASTM Manual on Presentation of Data and Control Chart Analysis — Table 16, 2002)

Subgroup Size Sigma Estimator Formula Definitions
ltod Rbar = Average of the
{ Rbar ) ranges
( ds ) d; is a constant based on the
sample size
5 or more Sbhar = Average of the
{_ Sbar ) standard deviations
( ¢y ) ¢4 is a constant based on the
sample size

Subgroup | Constant Value Subgroup | Constant Value
Size Size
1 dy 1.128 26 C4 0.9901
2 dy 1.128 27 C4 0.9905
3 dy 1.693 28 C4 0.9908
5 C4 0.94 30 C4 0.9915
0 C4 0.9515 31 C4 0.9917
7 Cy 0.9594 32 C4 0.992
8 C4 0.965 33 Cy 0.9922
9 C4 0.9693 34 Cy 0.9925
10 Ca 0.9727 35 Cs 0.9927
11 Ca 0.9754 36 Cs 0.9929
12 Ca 0.9776 37 Cq 0.9931
13 Ca 0.9794 38 Cy 0.9933
14 C4 0.981 39 C4 0.9935
15 C4 0.9823 40 C4 0.9936
16 C4 0.9835 41 Ca 0.9938
17 Cy 0.9845 42 Cy 0.9939
18 C4 0.9854 43 Ca 0.9941
19 Cq 0.9862 44 Ca 0.9942
20 Cy 0.9869 45 Cq 0.9944
21 C4 0.9876 46 Ca 0.9945
22 Ca 0.9882 47 Ca 0.9946
23 Ca 0.9887 48 Ca 0.9947
24 Ca 0.9892 49 Ca 0.9948
25 C4 0.9896 50 C4 0.9949

OIMacros
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Formulas for One Sided Spec Limits

Formula for Defects in Parts Per Million

LSL Only
Cp = Cpk = CpL
I'p = Ppk = PpL.

USL Only
Cp = Cpk = CpU
Pp = Ppk = PpU

Actual

Estimated for Population

(# of non conforming )™ 1000000

(# of parts)

PPMLUT = NORMSDIST(Z upper)* 1000000

PPML = NORMSDIST(Z lower)* 1000000

Formulas for Z Scores

Z scores help estimate the non-conforming PPM. Z scores standardize +/-3* sigma estimator
values into +/-3.

Llower
Lupper

(LSL - Xhar)/sigest
(USL-Xbar)/sigest

Fhench 15 the 7 score for the
Expected PPM

normsinyvi 1 -(Expected PPM/1.000,0007)

ZT (target) = Cpk for a target
value mstead of the USL or
L5L. If not defined, use the
midpoint between the USL and
LEL

{(Xbar-Target)/{3%sigest)

Sample Calculation

Let’s perform calculations using the following sample data from Montgomery, Intro to

SPC, 4th Ed., pgs. 353-358. You can download this data as part of the QI Macros test data
at: http://www.qimacros.com/testdata/SPCManufacturing.xls. Open the spreadsheet and
click on the histogram tab.

Sample Obs Obs Obs Obs

S1
Ss2
S3
sS4
S5
S6
s7
S8
S9
$10
S11
S$12
s13
S14
S15
S16
S17
S18
S$19
S$20

OIMacros

1 2 3 4

265 205 263 307
268 260 234 299
197 286 274 243
267 281 265 214
346 317 242 258
300 208 187 264
280 242 260 321
250 299 258 267
265 254 281 294
260 308 285 283
200 235 246 328
276 264 269 235
221 176 268 263
334 280 265 272
265 262 271 245
280 274 253 287
261 248 260 274
250 278 254 274
278 250 265 270
257 210 280 269

© 2022 KnowWare International Inc.

Obs

5
220
215
231
318
276
271
228
293
223
277
296
290
231
283
301
258
337
275
298
251
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Assume the USL = 346 and the LSL = 200.

Since there are 5 subgroups, sigma estimator will use the formula SBar/c4

If we look in the Constants for Sigma Estimator Calculation table on page 8, the constant for a
subgroup of 5 is 0.94

(OIMacros

Other calculations for this data set are:

o Xbar =26,446/100=264.46
o Standard deviation = 31.85
o Sigma estimator = ( SBar/c4 ) = (30.02/.94) = 31.93

If you are trying to recalculate this manually, use the statistical functions in Excel to
calculate: standard deviation, normdist and normsinv.

Formula Cale Cale Value
Cp
i USL-LSL ) { 346-200 ) 146 762
6% SBar'cy) 6*(30.02/.94) 191.62
Fp
i USL-LSL ) { 346-200) 146 764
(6 *standard dev) (6™ 3].85) 191.10
CpU
i ST -Xhar ) (346-264 46 ) 2154 851
3 *{ 5Bar/cy) (3% (30.02/ 949 9381
CpL
{ Xbar -ILSL 3 (264 46-200) 64 46 673
3 *( SBar/cs) (3% (30.02/ 949 9381
Cpk
Minimum of CpU and CpL | .851 vs .673 673
PpU
i DS Xhar ) (346-264 46 ) 81.54 853
(3 * standard deviation) 3*31.85 9335
PpL
i Xhbar - L51-) (264 46-200 ) 64.46 675
(3 * standard deviation) 3*31.85 9335
Ppk
Minimum of PpU and PpL | 853 vs 673 G735
Actmal
PPM | (£ of non conforming parts 3 30,000 30,000
(# of parts) 100 1,000,000
PPM Upper + PPM lower | NOEMDIST
= (2333 * 217684
Est NORMDIST(Zu) * 1000000 +
PPA 1,000,000 + 53343 271027
+ NOERMDIST
NORMDIST(ZD * (2019 =*
1,000,000 1000000

© 2022 KnowWare International Inc.
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Z 346 - 264 46
upper [ USL-Ave 31.93 2.553
(Zu) ( SBar/cy)
Z [ ISL-Ave ) 200 - 264.46
lower ( SBar/cs) 31.93 -2.019
(Z1)
Z normsinv(1-{Expectad normsimv(l- | normsmyv( 97329) 1.93
bench PPM/1,000.000)) (0267104)
Target | Defined by Customer or (346 +200) 346
Midpoint between 2 2 273
IT&T and T ST
Z ABS(Xbar-Target 26446 - 273 854 09
target (3*s1gest) 3*(30.02/ 94) g581
The final calculated amounts are: Cp 762
Cpk 673
Pp TJ64
Ppk 673
PPM 30,000
Est PPM 27,1027
Zbench 1.83
Z target .08

Since the standard deviation and sigma estimator were fairly close in value, the Cp and Pp and
Cpk and Ppk values were very similar.

(OIMacros
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Running a Histogram With QI Macros

If you don’t have the QI Macros software you can download a free 30 day trial copy at
https://www.qimacros.com/trial/30-day

If you have the QI Macros, you can access the test data used in this example on your computer
at c:/program files/qimacros/testdata/histogram.xls. This data is the same data used in the previ-
ous formula examples so that you can compare the results.

1.

The number of decimals in your raw data will drive the number of decimals shown in the

results. Make sure your data is formatted to the precision you want. From Format-Cells,
selec Number and specify the number of decimal places you want.

Formal Cells

Number

HE
Fort | Border | Patterns | Procaction |
Sample
0L650
Decimial places: |3 E

2. Highlight the data to be graphed (minimum of 20 data points recommended). Click on the
top data cell and drag the mouse down to include just the data cells, then select either the
histogram or frequency histogram from the QI Macros menu.

Tip: Do NOT sort your data before running a histogram or the calculations will be incor-

rect.

File Home Insert  Page Layout  Formulas Data Review View Developer QI Macros Help
1" Stat Wizard Lean Tools ~  Improvement Tools + "% Improvemnent Project Wizard #* Box, Dot & Scatter Plot ~ {2 Contral C
Statistical Tools ~ Diagrams~  DOE GageR&R FMEA ~ Data & Text Mining ~ |l Histograms & Capability ~ | = Control C
Stat Templates ~ Calculatars ~  Planning & PM Taols ~ fE Restacking ~ L Capability Suite rt
Statistical Tools Templates for Lean Six Sigma Data Mining l Histogram Cp Cpk (Normal) o

F21 hd ﬁ 251 A Histogram Cp Cpk (Between/Within)

A B C D E F G H | A Histogram Weibull (Non-Normal)

1 Sample |Obs 1|Obs 2|Obs 3|Obs 4| Obs 5 A Frequency Histogram

2 |81 265 205 263 307 220 A Descriptive Statistics

3 |52 268 260] 234 299 215

4 1583 197| 286 274 243 231

5 |54 267 281 265 214 318

6 |55 346| 317 242| 258 276

7 |56 3000 208| 187 264 271

8 |57 280 242| 260[ 321 228

9 |58 250 299| 258 267 293

10 |59 265 254 281 294 223

111810 260 308| 265 283 277

12 |51 200] 235| 246( 328 296

131512 276 264| 269 235 290

14 [S13 221 176| 258| 263 231

151514 334 280| 265 272 283

16 |S15 265 262| 271 245 301

17 |816 280 274| 253| 287 258

18 |S17 261 248| 260( 274 337

191818 250 278| 254 274 275

20 |S19 278| 250[ 265 270 298

211520 257 210| 280| 269 251

(OIMacros
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3. 'The histogram macro will prompt you for upper and lower spec limits. Use the default or
input your spec limits. For one-sided histograms, click Cancel if there is no USL or LSL. In
this example, we input 346 for the USL and 200 for the LSL.

usL ? x LsL ? *
Enter Upper Specification or Tolerance Limit (USL) Enter Lower Specification or Tolerance Limit [L5L)
Mo USLT Click CANCEL Mo LSL? Click CAMCEL

3600 200

4. Next the macro will ask you for the approximate number of bars you would like to see on
the histogram. Click OK to use the default or input a number. Note: this is only an approxi-
mation, the actual number of bars may be different.

MNumber of Bars X
Approximate Number of Bars
Cancel

5. 'Then, the macro will draw the graph for you. Notice that the capability indices equal what
was manually calculated above.

Histogram
LsL 200.0 UsL  346.0
*® Mean 2645
Medizn | 265.0 Cp 076
Made Cpk 0.67
20 | CpkU 0.35
CpkL 0.67
Cpm 074
Pp 076
Ppk 0.67
®1 Ppu 085
PpL 0.67
Stdev 31.85
2] Win 176.00
. M 346.00
-E ZBench | 1.93
3 ITarget ong
15 % Defects | 3.0%
PFM 300000
Expected 271027
Sigma
10 4
5 4
04
1585 1755 1925 2095 2265 2435 2605 2775 2045 s 3285 3455 3625 3794
Yalues
OIMacros Page 13
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6. To move the USL or LSL arrows or text boxes:

o Arrows: Click on each arrow and drag it to the appropriate position. To extend an arrow,
click on it, then click on the handle at either end and extend the arrow.

o Text: Click on each text box and drag it to sit on top or beside its corresponding arrow.

7. From the F ile Menu, select Save to save the graph.

8. To revise the process capability calculations, switch to the data sheet. You can change the
USL and/or LSL by typing over the current values in the cells provided. Excel will recalcu-
late Cp, Cpk and Pp, Ppk and update the contents of the text boxes on the chart.

Maximum Value
Range

LSL

UsL

Humber of Bars
Mumber of Classes
Class Width
Beginning Point

346.0
170.0
2000
346.0
100 «

100 ‘/ﬁa
170 ¥~ 380

159.0

27a.0 32 32.0
2950 13 25.5
3120 8 15.3

You can change these fields

0 0 06
0 0 0.1
397.0 0 0.0

9. You can also change the number of bars used on the chart by changing either the number of
bars field OR the class width field in the data sheet.

Note: if you want an exact number of bars, use the class width field. Change the class width
in small increments until you get the number of bars desired.

10. When you change the number of bars, the ranges and counts of data points for those ranges
will change in the data sheet. You may even need to copy and paste formulas down to the

new cells to include them all.

A G H [ J K L I
1 |Datal Cp 1.0 Decimal Points 1.0 Range  Count Distnbutior Count2
14 221 ITargel 0.0 Mumber of Clagses 200 2625 13 35
15 334 % Defects 0.0% Class Width 8.5 271.0 19 320
16 265 PPM 0.0 Beginning Paint 160.5 2795 11 0.3
17 280 Expected 28139 Stdev Est N9 2880 10 00
18 261 Sigma 4.3 d2/cd (1R=] 9645 4 0.0
19 240 Target 264 5 3050 5 0o
20 278 Obgerved Expected z 3135 2 0.0
21 257 PPM=LSL 0.0 1412.7 3.0 3220 3 0.0
2| PPM>LSL 0o 1401.2 3o /%I}ﬂ’/ 1 oo
23 PP 0.0 28139 e 9.0 2 0.0
24 % Defects oo 0.0 347 5 1 00
25 Counts for New Bars 356.0 0 00
] el R O oo
27 3730 0 0.0

0IMacros
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11. Next go to the Histogram chart and see if it is still centered on the page. In this example, we
changed the number of bars from 10 to 20. After the change the chart looks like this:

Histogram
LssL. 20000 Mpde 26500 PaL ME00
1500 < Mean | 26446 ap | 076
Medign| 400 Cpke | O ET
15,00 1 -
14.00 4
1200
-E A0L00
]
-
£ imn
600
4 [ 4
2000 4
200

1Tow IMfw 1HOw W0iw 00w S1f0wm S0w Bedw M3Ow Mide Ho0w MMw 0w
IRE a0 M0d M0 T4 30 Dt T4 A4 M00  MLE 2TI0 e

Walues

12. Next, we need to update the Source Data the chart is graphing. Click the chart, then click
Chart Design from the Excel menu, and select Select Data. Or, right-click on the chart, then

click Select Data:
M M o }
.Jr:i'ﬂb.:l m LJE\.".‘| - Llﬂl‘| lLJ =
Chart Styles
L 1r
Practice Obs 1-Obs 5
1 L 20000
Basan 25445
saedian | 8500
26500
Blonde - oK
» " ok 0.67
£pll 1.00
cpil 067
Com nTs
a5 cr 1.0
Ziargetfar D48
e nad
Pk 067
PRl 1.00
6 PEL nEr
E shewness 018
o E Stdey a8
Kin e
15 . 346
Raage 170 0
I Berch 199
% Defects  30%
10 FERA 30000
Exp PPRAST 23190
Evp PPALT 22832
Sgma
5
(1] —= r r r r
LR ] PR N pUFR LY Pl s FALE ] 43505 LR Fixt ] LN EiR ] LFE 8] FELR ]
Valurs
(& ¥
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13. Excel will open a window with the source data definitions in the data sheet.

Select Data Source

Chart data range:

et

+

The data range is too complex to be displayed. If a new range is selected, it will replace all of the series in the

Series panel.

(r & switch Row/Column )
J0 Il
Legend Entries [Series) Horizontal (Category) Axis Labels
[H Add 7 Edit % Remove v 7 Edit

@ count @ 15895
@ count2 @ 17595
@  Distribution @ 19295

B  ooos

B 2eos

Hidden and Empty Cells

Cancel

14. In step 10 we noted that our new count data goes down to row 24. Therefore, we need to
change all references to row 16 to row 24 (change K$16 to K$24, etc).

15. Change all of the values for the Count series (click Count, then select Edit) then click on
Count 2 and Distribution and change the values for those as well.

16. The updated chart should look like this:
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The QI Macros Calculations

The QI Macros use the formulas in this whitepaper. For a better understanding of how the

calculations are done in the QI Macros and where they can be found, take a look at the data

sheet created when a macro is run.

OIMacros’

© 2022 KnowWare International Inc.
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About Jay Arthur

Jay Arthur, the KnowWare Man, solves problems of delay, defects and
deviation - the three silent killers of productivity and profitability. He teaches
people how to eliminate delay, defects and deviation in one day using Excel and
the Magnificent Seven Tools of Lean Six Sigma. Jay is the shortcut to results
with Lean Six Sigma.

Jay is first and foremost a Money Belt; he knows how to use data to fix broken
processes to save time, save money and save lives. Jay has 25 years of experi-
ence helping companies save millions of dollars.

Jay is a frequent speaker at Lean Six Sigma conferences and is the author of
many popular Lean Six Sigma books published by McGraw Hill including Lean Six Sigma Demystified
and Lean Six Sigma for Hospitals. He is also the developer of QI Macros Software for Excel.
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